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Abstract
The dynamical properties of the wave and particle aspects of the harmonic oscillator can
be studied with the help of the time-dependent SchrSdinger equation (SE). Especially the
time-dependence of maximum and width of Gaussian wave packet solutions allow to show
the evolution and connections of those two complementary aspects. The investigation of the
relations between the equations describing wave and particle aspects leads to an alternative
description of the considered systems. This can be achieved by means of a Newtonian equa-
tion for a complex variable in connection with a conservation law for a nonclassical angular
momentum-type quantity. With the help of this complex variable it is also possible to develop
a Harniltonian formalism for the wave aspect contained in the SE, which allows to de: ribe
the dynamics of the position and momentum uncertainties. In this case the Hamiltonian
function is equivalent to the difference between the mean value of the tiaruiltonian operator
and the classical Hamiltonian function.
1 Introduction
In wave mechanics a complex equation, the SchrSdinger equation (SE), is used to describe the
dynamics and energetics of the particle and wave aspects of a material system under the influence
of conservative forces, e.g., the harmonic force of an undamped oscillator. In classical mechanics
Newton's equation of motion is a real equation which is only capable of describing the particle
aspect. It will be shown that it is possible to also take into account the wave aspect by changing
to a complez Newtonian equation. However, real and imaginary parts of the new complex variable
are not independent of each other, but are coupled by a well-defined relation which is connected
with a conservation law for a nonclassical angular momentum-type quantity. With the help of
this new complex variable it is also possible to express the groundstate energy E in a way that it
can serve as a Hamiltonian function for the position and momentum uncertainties.
2 Dynamics of Particle and Wave Aspects
The wave mechanical equation (SE) for the harmonic oscillator (HO)
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possessesexactanalytic solutions of the form of Oaussian wave packets iWP). The dynamics of
the particle aspect is reflected by the fact that the maximum of the WP follows the classical
trajectory of the corresponding particle. The wave aspect is expressed by the finite width of the
WP. This width can also be time-dependent. This time-dependence is closely connected with a
contributionto the convectivecurrentdensityin the continuityequation for the (real)density
functioncorrespondingto the icomplex) WP.
Insertingthe Gaussian WP given in the form
_L(z,t)=Nn(t)exp {i [y(t)_2+ _--(p)_+Kit)]l , (2)
(where _:= :r- Ix) = z - rl(t) and IP) = rn_(z) denotes the mean valueof momentum p, the
explicitform of Nit) and Kit) isnot relevantfor the followingdiscussion),intothe SEll )shows
thatthe maximum at position(z)= _(t)fulfillsthe classicalNewtonian equation ofmotion
+ _2_ = 0. (3)
The WP width, _ (where (_2)= (z2)_ (z)2),isconnected with the imaginary part ofthe
complex coefficientof _2 in the exponent,y(t),via
To determine the time-dependenceof the WP width,the complex (quadratically)nonlinearequa-
tionof Ricatti-type
o (5)
has to be solved.
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With the aid of the variable a(t)
identical with the WP width), the
as defined in Eq. (4) (which is apart from a constant factor
corresponding real part turns into
2h &
--yR=- (s)
rn
and Eq. (5) yields the (real) nonlinear Newtonian equation
1
& + J a = a--_ . (7)
The only difference between this equation, determining the dynamics of the WP width, and
Eq. (3) for the dynamics of the WP maximum is the inverse cubic term on the rhs of Eq. (7).
In order to elucidate the meaning of this additional term, the Ricatti Eq. (5) has to be reconsidered.
Using the substitution
2h i
--y: (s)m
with the new complex variable A = fi + i_., Eq. (5) can be linearized to yield the complex linear
Newtonian equation
÷ w2 A = 0. (9)
This equation is formally indentical with the Newtonian Eq. (3)for the WP maximum. It can
be shown (e.g. by expressing the WP(2) in terms of A or with the help of a Green-function, see
[1-3]) that the imaginary part of A is directly proportional to the classical trajectory, i.e.
_ Ix) = (10)
m
(where So and Po are the initialvaluesofa(t)and (p)(t),respectively).Furthermore,in the same
way itcan be shown (seee.g.[I-3])thatrealand imaginary partsof A are uniquelyconnectedvia
the relation
zu - uz =i. (11)
Equation (8) for the time evolution of k was obtained from the Ricatti Equation (5), which
describes the evolution of the WP width, as shown in Eq. (7) for a(t). In order to show how the
wave aspect is contained in A, it shall be written in polar coordinates,
A=a el_ = acos_ + i asin_. (12)
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Inserting this form into Eq. (8), comparison with the definitions given in Eqs. (4) and (6) shows
that the quantity cr in Eq. (12) denoting the absolute value of A is identical with the quantity a
denoting the WP width in Eq. (7), if the relation
1
is fulfilled. However, the validity of Eq. (13) can easily be proven by inserting (12) into Eq. (11.).
The physical meaning of Eq. (13)becomes more transparent, when the motion of A(t) m
the complez plane is compared with the motion of a two-dimensional harmonic oscillator in the
real physical space, written in polar coordinates q_ee e.g. [1-3]). This comparison shows that
relation (13) (and thus the equivalent relation (11jin cartesian coordinates) corresponds to the
conservation of angular momentum in real space.
Furthermore, it shows that the inverse cubic term on the rhs of Eq. (7) corresponds to a centrifugal
force in real space.
So, it can be stated that the complex quantity _(t) fulfilling the Newtonian Eq. (9) contains
the information about the dynamics of both particle and wave aspects of the system. Written
in cartesian coordinates, the imaginary part of _ directly provides the information about the
dynamics of the particle aspect, the WP maximum, written in polar coordinates, the absolute
value of $ directly provides the information about the dynamics of the wave aspect, the WP
width.
3 Energetics of Particle and Wave Aspects
It shall be mentioned only briefly here (for further details see e.g. [2,3]) that this new complex
variable _ can also provide new information contained in the groundstate energy of the harmonic
oscillator, usually only given in the form E = _hw. The notation E is used to already indicate
that this energy contribution is just the difference between the mean value of the Hamiltonian
operator (calculated with the WP-solution (2)) and the classical energy Ed,,, respectively
(E)
I m
= (H) = _ (p2)+ T J(z2)
1 mw2(z)2 )+( 1
= + T (p)+
= E_t.,o + E •
m
-_- w_(;2)) (14)
In classical mechanics the energy Ec_,,, of the HO is identical with the classical Hamiltonian
function, Hct,,,,, which also provides the equations of motion for the particle aspect.
Writing the difference of kinetic and potential energy uncertainties in tenm of the polar coor-
dinates of _, i.e.
li .2 a2_b2 w2a ;), (15)
= + -
this quantity can be used as Lagrangian function for the position and momentum uncertainties.
From £ the canonically conjugate momenta to the coordinates cr and _ can be obtained in the
usual way and the groundstate energy can be written in the form of a Hamiltonian function that
provides the equations of motion for the position and momentum uncertainties.
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In thiscontext itisinterestingthat the canonicalangular momentum p_,,obtHned from the
Lagrangian (15),isnot only constant,as alreadymentioned in connectionwith Eqs. (11)and
(13),but has the value
= (16)
Thus, the complex variableA(t),obeying the simple Newtonian Eq. (9),followsa path in the
complex plane similarto the path of a particlein a two-dimensional HO-field. However, the
quantitycorrespondingto the conservedclassicalangularmomentum in realspace isthe quantity
pC -- h/2 in complez space. This israthersurprising,because even in wave mechanics orbital
angular momenta are integermultiplesof h. Half-integermultiplesof h are usuallyconnected
with the purely quantum mechanical property spin.Whether thereare any relationsbetween pC
and spinshallnot be furtherdiscussedinthiswork.
4 Conclusions
The informationon the dynamics oftheconsideredsystem containedinthe time-dependentSE can
alsobe obtained from a correspondingNewtonian equation forthissystem, ifa complex variable
isused, where the imaginary part of thisvariableisproportionalto the classicaltrajectoryand
the realpart isuniquely connected with the imaginary part.The connectingrelationexpressesa
kind of conservationof angularmomentum forthe two-dimensionalmotion in the complex plane.
In addition,the valueof thisconservednonclassicalangular momentum property is_i/2,usually
only known from the quantum mechanical propertyspin.
With the help of thiscomplex quantity A = _ + i} = a exp(i_),itis possibleto obtain
equations of motion for the particle aspect, (x) = r/= (aoPo/m)£', as well as for the wave aspect,
(z2) = h/2m) 2.
Furthermore, it is possible to express the difference between the mean value of the Hamiltonian
operator and the classical energy E:j,,, in terms of the coordinates a and _ and the corresponding
canonically conjugate momenta. Thus, it is possible to write /_ in the form of a Hamiltonian
function, wherefrom the correct equations of motion for the "wave properties" (uncertainties) can
be obtained in exactly the same way as the equations of motion for the particle properties can be
obtained from the classical energy, respectively Hamiltonian function.
5 Acknowledgments
The author gratefully acknowledges financial
gcmeinschafl.
support and a fellowship from the Deutsche Forschungs-
References
[1] D. Schuch, Int. J. Quantum Chem., Quantum Chem. Symp. 23, 59 (1989).
[2] D. Schuch, Int. J. Quantum Chem. 42, 663 (1992).
[3] D. Schuch, Habilitation-thesis, J.W. Goethe-University, Frankfurt/M., 1991.
51

